We present a proposal for realizing a unidirectional flow of discrete solitons in optical waveguide arrays or coupled resonator optical waveguides. Our proposal is based on modulating the coupling coefficients between the waveguides by two reflectionless potentials with different depths and finite separation. For a single reflectionless potential, we demonstrate numerically the possibility of nonlinear switching with a critical nonlinearity strength at which sharp transition in the transport coefficients takes place.
We present a proposal for realizing a unidirectional flow of discrete solitons in optical waveguide arrays or coupled resonator optical waveguides. Our proposal is based on modulating the coupling coefficients between the waveguides by two reflectionless potentials with different depths and finite separation. For a single reflectionless potential, we demonstrate numerically the possibility of nonlinear switching with a critical nonlinearity strength at which sharp transition in the transport coefficients takes place. Unidirectional flow is an important appealing feature from the fundamental and applied point of views. It has been sought for and realized in various domains such as phonon waves [1] [2] [3] [4] , electromagnetic waves [5] [6] [7] , light waves in PT-Symmetric optical structures [8] [9] [10] [11] , and metamaterials [12, 13] , and even acoustic waves [14, 15] .
While asymmetric flow of optical pulses in one-dimensional nonlinear lattices was predicted [16] , a perfect unidirectional flow of solitons was not studied except very recently. The present work of proposing a realization of unidirectional flow of solitons is motivated by two recent advances. First, in Ref. [17] , it was shown that almost ideal unidirectional flow (so-called soliton diode) is obtained when bright solitons of the nonlinear Schrödinger equation (NLSE) are scattered by two reflectionless potentials with slightly different depths. Second, it was predicted by Ref. [18] and then demonstrated experimentally by Ref. [19] that reflectionless potentials can be realized by modulating the coupling coefficients in waveguide arrays or coupled resonator structures. In this work, we present a proposal of realizing the unidirectional flow, as predicted by Ref. [17] , using the theoretical and experimental schemes of Refs. [18, 19] .
Reflectionless potentials have the unique feature of allowing total transmission of waves with broad range of frequencies [20] , unlike resonant scattering where total transmission occurs only at some resonant frequencies. It is known that potentials constructed from solitonic solutions of integrable models are generally reflectionless [21] . Indeed, in Refs. [17, 18] , the sech 2 -potential profile was used and shown to be reflectionless.
The reflectionless scattering of linear beams in waveguide arrays can be described in the tight-binding approximation by a discrete linear Schrödinger equation for the normalized mode amplitude ψ n [22] . In Ref. [18] , it was pointed out that this linear model maps to the integrable Ablowitz-Ladik (AL) model under a transformation of the coupling coefficients of the waveguides. Hence, the solitonic solutions of the AL model can be used to construct a reflectionless potential for the linear model. Modulating the coupling coefficients according to the sech-shaped exact solution of the AL model corresponds to a reflectionless potential well of the linear model [18] . This was indeed demonstrated experimentally by Ref. [19] .
The main purpose of this Letter is to obtain unidirectional flow of solitons in waveguide arrays. This requires two generalizations of the above. First, we consider a nonlinear model that supports solitons, and second we scatter the solitons by a double-well potential. Thus we consider the following nonlinear tight binding model i ∂ψ n ∂z C n;n−1 ψ n−1 C n;n1 ψ n1 γjψ n j 2 ψ n 0; (1) where n is the number of the waveguide, z is the propagation distance, C n;m are the coupling coefficients between waveguides n and m, and γ is the strength of the focusing nonlinearity. Waveguide arrays are mainly chosen to perform all-optical processes because effective potential wells can be realized simply by modulating their separation. The coupling strength between waveguides decreases exponentially with increasing separation, as was found experimentally in Ref. [23] . To see how the modulation in the coupling coefficients amount to effective potentials, we express the coupling coefficients in the following form C n;n1 C V n 1;
and then substitute in Eq. (1), to obtain the following discrete nonlinear Schrödinger equation with an effective potential:
Here V n 1 corresponds to the n-dependent modulation of the coupling constant, C. It is essential for the potential to be of the reflectionless type. This will guarantee the required sharp transitions of the transport behavior from full reflection to full transmission and the absence of background radiation. Exact solitonic solutions of integrable models provide such a reflectionless potential. The present model, Eq. (1), is not integrable, and no analytic exact solutions to it are known. Potentials constructed from the exact solutions of another integrable model such as the AL model [24] will of course not be fully reflectionless potentials. Nonetheless, they will show very good reflectionless behavior in the continuum limit. Here, we use such potentials and make sure that we are close enough to the reflectionless regime by monitoring the scattered background radiation.
As shown in Ref. [17] , unidirectional flow requires two potential wells. This is performed by using
with β j 2A coshμ j . Here, n j and μ j correspond to the location of the peak and inverse width of the soliton, respectively, while A controls its amplitude. This is the exact solution of the scalar AL model that will be used here with two different values of β j and n j to construct the double-well potential. Following Eq. (2), the coupling is modulated as follows:
where ψ AL n1 corresponds to the superposition of two solutions, given by Eq. (4), that are located at two different positions n 1 and n 2 . Clearly, the effective potential is a sech 2 -like modulation of an otherwise constant coupling. This can be achieved by a corresponding reduction in the separation of the wave guides according to the exponential law found in the experiment of Ref. [23] .
The flow of solitons is then studied by solving numerically Eq. (1) with the initial soliton profile
where v is the center-of-mass speed of the soliton. This is the bright soliton solution of the continuous NLSE in the limit n → ∞. For soliton widths considerably larger than the separation between the waveguides, this solution will be an accurate approximation and will propagate with almost no diffraction. It should be noted that Eq. (1) is not integrable, and no movable solitonic solutions to it are known, hence approximate solutions had to be used. However, the solitons preserve their width and intensity well beyond the scattering process with no tangible diffraction. The widths of solitons taken here are large enough such that practically they are accurate solitonic solutions, but of course not in the strict sense. Equation (1) was integrated using the predictor-corrector method with total 300 waveguides and time descretization Δt 0.01. It was verified that results were insensitive to smaller time descretizations.
For the time interval and number of waveguides used, the numerical method and its time desretization were sufficient to obtain accurate results within the error of the numerical method which is Δt 2 .
In addition to the reflectionless nature of the potential, two essential scattering properties need to exist for the unidirectional flow to occur, namely quantum reflection and criticality of the transport coefficients (sharpness in transition from 1 to 0) [17] . Quantum reflection takes place at low enough speeds of incidence accounting for total reflection of the soliton by the potential well. The criticality in the transport coefficients is necessary to switch from total reflection to total transmission or the reverse.
At first, we have evolved the soliton without any modulation of the coupling coefficients to find out the appropriate soliton width that guarantees a nondispersive propagation. Then, we have introduced one potential well and verified the appearance of quantum reflection at low enough speeds of incidence. Both tests succeeded in showing that the soliton indeed propagates keeping its solitonic integrity and having a sharp transition between total (quantum) reflection and total transmission. Based on these preliminary numerical investigations, the proposed modulation of the coupling coefficients shown in Fig. 1 , leads indeed to almost perfect unidirectional flow. Experimentally, this can be achieved by changing the separation between the waveguides, where in general the value of the coupling coefficients decay exponentially with the separation [23] . For a selected set of the parameters, Fig. 2 shows the unidirectional flow of solitons. More than 96% of the initial soliton's intensity reflects or transmits as a soliton, while the rest is scattered off as dispersive waves due to the fact that the incident soliton is not an exact solution of Eq. (1). It is noted also that, due to the use of reflectionless potentials, even the resulting dispersive radiation scatters off the potentials in a reflectionless manner. By changing the initial speed of the incident soliton, we found that the unidirectional flow persists within a range of values. To obtain the full view of the scattering outcomes, we have calculated the transport coefficients in terms of the initial velocity. For a soliton initially moving to the right and located at n 0 and potentials located at n 1 and n 2 , such that n 0 < n 1 < n 2 , the transport coefficients are defined as: reflection
For the soliton moving from the right to the left, the expressions for T and R should be interchanged. Figure 3 shows the transport coefficients in terms of the initial speed. The velocity window for which the unidirectional flow occurs in this figure is v ∈ 0.079; 0.081. Within this window, a soliton incident from the left will totally reflect, a soliton incident from the right will totally transmit, and in both cases, there is no trapping. It is interesting to note that there is another velocity window, v ∈ 0.068; 0.078, where the soliton incident from the left gets trapped between the two potential wells, while the soliton incident from the right is never trapped.
To show the necessity of the reflectionless aspect of the potentials used, we investigated the unidirectional flow for nonreflectionless potentials. This was performed by reducing the amplitude of the reflectionless potentials through a parameter κ as jψ 1;2 j → κ × jψ 1;2 j, with 0 ≤ κ ≤ 1. The results are shown in Figs. 2(c) and 2(d) and right column in Fig. 3 . There is a very narrow window where the unidirectional flow is preserved for nonreflectionless potentials. As a specific case, Figs. 2(c) and 2(d) shows the evolution of the soliton with κ 0.998. Clearly, unidirectional flow is lost. Interestingly, for a wider nearby κ range, the soliton experiences unidirectional trapping, reflection, or transmission.
In addition to the unidirectional flow, reflectionless potentials can be used to demonstrate nonlinear switching. A sharp critical strength of nonlinearity exists such that below (above) the critical value, full transmittance (reflectance) is obtained, as shown in Fig. 4 , with a single potential well. Since nonlinearity increases with the amplitude of the soliton, the transport coefficients are calculated in terms β. We select the speed of incidence to be within the velocity window for unidirectional flow in order to avoid any trapping in the potential well.
We end with few remarks about the experimental feasibility of this proposal. In the experiments of Refs. [19, 23, [25] [26] [27] [28] , dispersionless linear pulses and discrete solitons were indeed realized with about 40 waveguides of length less than 10 coupling lengths. In Ref. [17] , unidirectional flow was predicted for the continuum case where it is not obvious how the potential wells will be constructed in a practical and controllable manner. The proposal put forward here presents a possible experimental system for realizing the unidirectional flow of solitons. The potential wells are constructed rather indirectly through the modulated coupling coefficients. However, we emphasize that we study here the idealized lossless case. It is our anticipation that losses will not prevent unidirectional flow from occurring since the discrete solitons realized in current experiments preserve their integrity even in the presence of propagation losses.
In conclusion, we have shown that it may be possible to realize a fully unidirectional flow of solitons in photonic waveguide arrays or coupled resonator structures. Our proposal is based on modulating the coupling coefficients between the waveguides with a profile of reflectionless potentials. Two such potentials with different depths and with finite separation work as an almost perfect soliton diode where flow is permitted only in one direction. The scattering of the soliton off a single-potential well is characterized by sharp transition between full transmittance to full reflectance at a critical soliton amplitude. Efficient unidirectional flow and nonlinear switching constitute essential components in all-optical processing. 
